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Abstract
We investigated reduction of the size of the illuminated beam in the focal region produced by
the optical systems of NA = 0.99 has been. The intensity distributions of polarized light field in the
focal volume for the phase apodization pupil have been discussed. The circular pupil in different
phase apodization situations can be employed to control the field components in the resultant intensity distribution. We show that both axial and transverse resolution improvement in the focal
distribution is possible by applying proper phase engineering in the annulus of the pupil function.
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Introduction
The optical focusing systems claim the great importance
since the origin of the laser. These systems are widely used
in the industrial, medical, military and the nuclear research
applications. The size and shape of the focal spot of the optical system depend on the polarization of the incident radiation and the field distribution across the exit pupil function.
There are certain techniques and tools introduced for narrowing the focused light beams with respect to the incident
light polarization [1 – 3]. The importance of these techniques
depends upon the manufacturing and the cost tolerances. In
the present work, we introduced the simple and easy phase
engineering pupil structures applied for the apodization and
enhanced resolution focal spots of the beam-propagation and
– focusing systems illuminated by linearly polarized light
beams. Recent past, there are several studies drawn attention
to the technical possibilities for improving the resolution of
the focal spot axially and laterally. In similar context, the
amplitude distribution in the focal region has been reconstructed by the introducing the stop at the center of the pupil
function [4 – 5], However,by employing the simple phase
elements in the pupil plane, the sidelobes in the spatial distribution have been suppressed to negligible level, results,
the sharp focal spot [6 – 8]. In another proposed approach,
the size of the focal spot laterally of radially polarized incident light was investigated [9 – 11]. Later, more effectively, a
narrow focal spot produced by a high numerical aperture focusing systems with simple phase diffractive structures for
differently polarized incident laser beams [12]. Particularly,
the proposed pupil filters can be in the form of diffractive
elements have been applied to produce the microscopy
based polarized beams [12 – 13] and non-homogeneously polarized light beams [14 – 17]. In the above studies few dif-
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fractive structures more complex to design and some require
expensive optical environment to implement. For sake of
easy demonstration we initially simulated the point spread
function based on the scalar-wave diffraction [18 – 20], can
be used to characterize the focal spot for phase engineering
scheme. In general, a fine focusing of light with a suitable
optical element is important for many practical applications.
However, in this paper, we design an efficient pupil function
which can be utilized for focusing of widely used linearly
polarized laser beams. In other word, focusing the electromagnetic radiation with the phase engineered circular diffractive structures of high numerical aperture has considered
in this work follow the focusing systems which were investigated in the recent papers [6, 12, 23 – 25]. The proposed
apodization pupil is practically possible to design and easy
to implement which can be useful to achieve enhanced resolution and to manipulate the sidelobes level in the vicinity of
focus. Note that, current approach facilitates to approximate
the incident wavefront scattered by phase apodization pupil
and the sum of these components determines the structure of
the focal region.
Scalar representation of the field distribution
in the focal area
For two dimensional image forming system, the incident plane wave propagating in a direction perpendicular
to the diffracting screen and results, the spatial distribution of light in the focal region of the optical system has
been computed from Eq. (1). Here we considered a circular entrance pupil of specified radius, a ring is isolated
from the circular entrance, which has divided into the two
equal halves having phase opposition in their transmittances. Note, that by putting the asymmetric aperture in
the pupil plane of the optical focusing system, one can
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eliminate the lower order optical side-lobes of the incident field distribution. This is an important result which
is helpful to solve a practical problem known as twopoint resolution [27 – 28], i.e. two closely spaced objects
which are to be viewed in the presence of geometrical aberrations [21 – 22], Rays emanating from the points will
form the point spread function (PSF) patterns around
their paraxial image points.
The total transmittance distribution of the circular pupil is given in the Fig. 1b. It has the function form g (r, ϕ),
represented by the Eq. (3). On the image plane, the total
diffraction field amplitude G (x, y) contributing by the pupil function is equal to the sum of the diffraction components contributing by the circular entrance, the left and
right half ring is given by Eq. (1), which is written as
Eq. (2) in polar coordinates:

Vector representation of the field distribution
in the focal area
The vector electric field in a homogeneous dielectric
medium close to the focus can be described by Debye approximation [6, 12, 23 – 25, 29]:
E( x, y , z ) =
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ik
2πf

ik
G (ρ, θ) = −
2πf

∞

⎡ ik

⎤

∫ ∫ g(u, v)exp ⎢⎣− f ( xu + yv)⎥⎦ du dv , (1)

−∞

∞ 2π

∫ ∫ g (r , φ) ×
0 0

⎡ ik
⎤
× exp ⎢ − rρcos(θ-φ) ⎥ r dr dφ ,
⎣ f
⎦
⎧0, r > R ,
⎫
⎪i, R ≥ r ≥ R − Δ, − π/2 ≤ φ < π/2, ⎪
⎪
⎪
g (r , φ) = ⎨
⎬.
−
≥
≥
−
Δ
≤
<
i
,
R
r
R
,
/2
φ
3π/2,
⎪
⎪
⎪⎩1, 0 < r < R − Δ .
⎪⎭

(2)

(3)

The parameters we considered in the above expressions are determined as, follows: wavelength of monochromatic plane wave λ = 0.000532 mm, radius of the
apodization pupil function R = 10 mm, at the periphery of
the circular entrance, the width of the half ring Δ = 1 mm
and the focal length of the lens f = 300 mm. The calculations (Figs. 1, 2) were performed by using the Fourier
transforms (1), (2).

⎛ E x ( x, y , z ) ⎞
θ
2π
if max
⎜
⎟
= ⎜ E y ( x, y , z ) ⎟ = −
B (θ, φ) P (θ, φ) ×
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(4)

× cos θ sin θ dθ dφ,

where (x, y, z) are Cartesian coordinates of the focal area,
(θ, φ) are the spherical angular coordinates of the output pupil of the focusing system, B (θ, φ) is the transmission function (analogue to the apodization function from Eq. (3),
P (θ, φ) is the polarization vector, n sin θmax = NA, n is the
refractive index of the media, k = 2π / λ is the wave number,
λ is the wavelength, f is the focal length. The calculations
were performed with the aid of the integral (4) for linear
x-polarization when the polarization vector is expressed by:
⎛ 1 + cos 2 φ (cos θ − 1) ⎞
⎜
⎟
P x − lin (θ, φ) = ⎜ sin φ cos φ (cos θ − 1) ⎟ .
⎜
⎟
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(5)
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(c)
Fig. 2. The field in the Fourier plane is:
the intensity (negative) (a), the phase (b),
the vertical graph of the intensity (c)

(a)
(b)
Fig. 1. Pupil apodization function: amplitude (a) and phase (b)

The PSF intensity distribution shown in the fig. 2c is
the spatial redistribution of the field with the suppressed
side-lobes (right) and the enhanced side-lobes (left), i.e.,
the apodized PSF, in which a side-lobes are suppressed to
the zero-level intensity and the principal maximum is
found to be narrow on one side of the diffraction pattern.
Here the right side of the PSF is obtained at the cost of
worsening its counterpart. The resolution of the optical
system is improving by a simultaneous suppression of the
side-lobes and narrowing the principal maximum in a half
part of the resultant pattern in the focal region.
Computer Optics, 2018, Vol. 42(4)

The intensity of the field in the focal plane (z = 0) was
calculated as the sum of component intensities:
2

2

2

E x ( x, y , z ) + E y ( x , y , z ) + E z ( x, y , z ) .

(6)

Table 1 shows the axial distributions of linear x-polarized electric field intensity in the focal region, produced under different considerations in the pupil plane. It is equal to
the sum of different electric field components from various
zones of the pupil function. Here we considered an aplanatic
pupil system (free from spherical aberration) with high numerical aperture (NA = 0.99) gives the resultant field distribution in the focal region as shown in the Table 1.
The lateral distribution area has shown in the focal
plane (z = 0) is restricted by a 4λ × 4λ size, λ = 1mm. Here
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we can observe the tight focusing of laser beams with
phase apodization pupils and localization of light in the
focal region is investigated with linear x-polarization

type. In the given considerations, we obtained the full
width at half maximum (FWHM) along the x- and y- directions which are defined in the Tables 1 and 2 as Sx and Sy.

Table 1. Results of the phase apodization for linear x-polarization at full aperture, NA = 0.99
Input field:
Amplitude and phase
distribution

The intensity of the
field in the focal plane
z = 0 (negative)
(4λ×4λ)

The intensity graphs in the focal plane z = 0:
Horizontal (dotted line)
and Vertical (solid line)
Sx = 0.74λ
Sy = 0.47λ

x / λ, y / λ
Sx = 0.77λ
Sy = 0.79λ
Ψ=π
x / λ, y / λ
Sx = 0.74λ
Sy = 0.54λ
ψ1 = π / 2,
ψ2 = 3π / 2
x / λ, y / λ
Sx = 0,74λ
Sy = 0,5λ
ψ1 = π / 2,
ψ2 = 3π / 2
x / λ, y / λ
Sx = 0.73λ
Sy = 0.57λ
ψ1 = π / 2,
ψ2 = 3π / 2
x / λ, y / λ

ψ1 = π / 2,
ψ2 = π,
ψ3 = 3π / 2

Sx = 0,72λ
Sy = 0,72λ

x / λ, y / λ
Sx = 0.73λ
Sy = 0.51λ
Ψ=ϕ
x / λ, y / λ
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Table 2. Results of the phase apodization for linear x-polarization at narrow ring aperture, NA = 0.99
Input field:
Amplitude and phase
distribution

The intensity of the field
in the focal plane z = 0
(negative) (4λ×4λ)

The intensity graphs in the focal plane z = 0:
Horizontal (dotted line)
and Vertical (solid line)
Sx = 0.84λ
Sy = 0.33λ

x / λ, y / λ
Sx = 1.4λ
Sy = 0.52λ
ψ1 = π / 2,
ψ2 = 3π / 2
x / λ, y / λ
Sx = 0.62λ
Sy = 0.32λ
ψ1 = π / 2,
ψ2 = 3π / 2
x / λ, y / λ
Sx = 0.38λ
Sy = 0.49λ
ψ1 = π / 2,
ψ2 = 3π / 2
x / λ, y / λ

ψ1 = π / 2,
ψ2 = π,
ψ3=3π / 2

Sx = 0.9λ
Sy = 0.41λ

x / λ, y / λ
Sx = 0.47λ
Sy = 0.87λ
ψ=ϕ
x / λ, y / λ

For the unapodized pupil of NA = 0.99 (1st row of Table 1) results the elongated focal spot, one can obtain the
horizontal, vertical components in the axial distribution
of the electric field with FWHMx of 0.74λ and FWHMy
of 0.47λ. The apodization pupils with phase change (ψ)
of π in the annulus (2nd row of Table 1) of the pupil allow
an optical system for achieving the circular focal spot
with FWHMx of 0.74λ and FWHMy of 0.79λ. As the
ring separated from the circular entrance of the pupil is
divided into equal halves among which the left half ring
with phase (ψ1) of π / 2 and the right half ring with phase
(ψ2) of 3π / 2 (3rd row of Table 1) produces the asymmetComputer Optics, 2018, Vol. 42(4)

ric focal spot i.e., the resultant electric field intensity distribution in the focal volume has found with suppressed
side-lobes. In this case the right side pattern (low sidelobes side) is obtained at the cost of the left side pattern.
The vertical size of the linear x-polarized component of
the electric field has modified by the apodization pupil,
and the redistributed focal volume with FWHMx of 0.54λ
whereas the horizontal component FWHMy of 0.74λ
shifts towards the left side of the focus.
In another approach, the annulus of the pupil function
is configured with similar phase engineering, but the angle of orientation for the annulus changes (as seen in 4th
623
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row of Table 1), results the vertical and horizontal components of the focal spot are altered. The size of focal
spot is reduced in the vertical direction with the FWHM
of 0.5λ which is much lower than that of the unapodized
case. In this case the suppression of the sidelobes in the
focal distribution has been improved on one side of the
focal volume. While phase engineering in the annulus is
necessary for light focusing, shifting and resolution gain,
therefore, the vertical component of the resultant field
distribution shifts towards the left side of the pattern
comes as a result of simultaneous suppression of
sidelobes and sharpened focus on the right side of the
component is obtained at the cost of the field distribution
on the counter side of the component. In another case, it
can be seen that with a phase switching of ψ1 and ψ2 in
the annulus with the angle of orientation (θ) 90o around
the circular entrance restricts the input field and present
the focal volume with the optimized field distribution (As
see in 5th row of Table 1), thus the sidelobe levels are reduced in the contributions of the vertical and horizontal
components of the focal distribution. In this case we have
shown that light focusing with subwavelength diffraction
localization is significantly modified and the focal spot
size in vertical and horizontal directions is computed as
0.73λ and 0.57λ, respectively.
It is observed that with the annulus ring, it is possible
to generate various combinations of phases ψ1, ψ2 and ψ3
spanning the entire 360° range produces the rectangular
focal spot (6th row of Table 1). In this case, the horizontal
component in the resultant field distribution contributes
the sidelobes with the zero-level intensity and obtained
the FWHM of 0.72λ which is as same as the size of the
field component in vertical direction. For a continuous
phase change annulus ring around the circular entrance
pupil (as seen in 7th row of Table 1), the intensity of the
sidelobes in the right half of the field components in vertical and horizontal directions is controlled to the zerointensity level and the zero-order spot found to be sharp
on the same side of the vertical and horizontal components, results the focal spot with FWHMx = 0.73λ and
FWHMy = 0.51λ.
While the ring aperture with no apodization (as shown
in 1st row of Table 2) produces the focal volume in which
the full width at half maximum (FWHM) of the focal
spot in vertical direction is computed as 0.33λ whereas
the FWHM of the horizontal component is 0.84λ. Therefore, the resolution of the focal spot in the vertical direction is found beyond the diffraction limit. By controlling
the phase of the annulus around the circular entrance in
the form of ψ1 and ψ2, the horizontal component of the
electric field intensity lost its shape in the focal volume
[6, 12], however, it is efficient to control the subwavelength structure in vertical direction (as displayed in
2nd row of Table 2). In this consideration, for the phase
engineered annulus, the FWHM of the vertical component of the field is computed as 0.52λ. While, with similar phase configuration annulus of 90° orientation angle
the input field is restricted and demonstrating generation
of double elongated focal spots (3rd row of Table 2), re-

sults the size of the focal spots in vertical direction is altered to 0.32λ, which is less than that of the diffraction
limit while the size of the focal spots in horizontal direction is 0.62λ. Compact closely spaced light spots are of
practical interest in the problems of interaction of femtosecond laser radiation with matter [30, 31], imaging of
the far-field objects separated in a close distance [28] and
it can be applied to compensate the defocusing effect
[32 – 33] at the telescope objective results superresolution
astronomical imaging for point sources. Here the apodization efficiency is defined to provide better sidelobe
control and resolution gain.
As the phase in the annulus switches from ψ1 to ψ2
and vice versa around the pupil entrance produces a complex focal field, in which the size of the focus in the horizontal and vertical directions is computed as 0.38λ and
0.49λ, as illustrated in 4th row of Table 2. However, the
subwavelength light distribution corresponding to higher
order in the horizontal component of the field is restricted
by the phase apodization pupil. On other hand, a focal
volume produced by the annulus ring with the phase
variation of ψ1, ψ2 and ψ3 (as shown in 5th row of Table 2) demonstrated that the size of the focus for horizontal component is measured as 0.9λ, results the central interior energy in the focus dispersed into the corresponding orders is responsible to redistribute the subwavelength diffraction in the total field intensity. In application of continuous coded phase (ψ) spanning the entire
360° range over the circular entrance (as shown in the 6th
row of Table 2), the field distributions near the focus is
almost as same as the field distributions around the focus
produced by the ring structure shown in the 1st row of
Table 2. Since the size of the focal spot produced by the
phase apodization pupil for horizontal and vertical components is 0.47λ and 0.87λ, respectively.
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Conclusion
Among the discussion, it is concluded that the spatial
redistributions produced by the full aperture of NA = 0.99
under various phase apodization conditions results the focal spot with decrease in size. It has shown that the
sidelobes are suppressed in the contributions of the vertical and horizontal components of the focal volume. This
fact should be considered when a laser beam with linear
polarization illuminates the lens pupil, results the
smoothened distribution obtained on one side of the field
components at the cost of the distribution on the counter
side of the field components. This spatial redistribution is
useful to the characterize the resolution of two closely associated point sources. By employing the ring aperture
(NA = 0.99), one can obtain a focal spot with size beyond
the diffraction limit. The phase apodization pupil that we
proposed leads to design efficient focusing systems and
also applied to improve the performance of the high numerical aperture imaging systems.
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