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Abstract  

An original approach to solving difficult time-consuming problems of registration and analysis 
of random point images is described. The approach is based on the development and application of 
high-performance specialized computer algebra systems. Three software packages have been cre-
ated specifically for carrying out equivalent analytical transformations on a computer. The first 
software system is designed to calculate formulas describing the volumes of convex polyhedra 
with parametrically specified boundaries in n-dimensional space. The second system is based on 
the calculation of multidimensional integral expressions by the method of cyclic differentiation of 
the integral with respect to the parameter. The third system is based on the accelerated implemen-
tation of complex combinatorial-recursive transformations on a computer. Another distinctive fea-
ture of the work is the extension of the classical Catalan numbers to the multidimensional case 
(they were required to solve a number of intermediate probabilistic-combinatorial problems). The 
implementation of the above computer algebra software systems on a multi-core cluster of Novo-
sibirsk State University, together with the direct use of the explicit form of generalized Catalan 
numbers, allowed the authors to obtain several new previously unknown probabilistic formulas 
and dependencies required for solving problems in the field of analysis of random point images. 
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Introduction 

The first distinguishing feature of the research approach-
es used in this work is the development of methods (that are 
quite rare in this field of informatics) based not on numerical 
calculations, but on analytical transformations on a computer 
to solve complex fundamental and applied problems that 
arise in the analysis of random point images. To date, a large 
number of programming languages and computer algebra 
software systems are known [1 – 7]. In Russia (more precise-
ly, in the USSR), the authors of the first software systems for 
analytical manipulation, successfully applied for scientific 
research, were academicians L.V. Kantorovich, N.N. Ya-
nenko, V.M. Glushkov, D.V. Shirkov (1960-1970), I.V. Pot-
tosin [8 – 12]. The algorithms and programs developed by 
them turned out to be effective for finding solutions to alge-
braic-differential equations, calculating polynomial expres-
sions, solving problematic and time-consuming problems of 
theoretical physics. Although most of the above-mentioned 
computer algebra software systems become well-known and 
confirmed their effectiveness, nevertheless, the universality 
of such systems does not allow them to be an effective re-
search tool in all areas of application. In particular, in one of 
the intermediate tasks related to the reliability of digital im-
age registration, we needed a cyclic calculation of formulas 
that describe the volumes of parametrically given polyhedra 

in n-dimensional space. Efficient algorithms for calculating 
such integrals did not exist in any universal system of com-
puter algebra. As a result, we ourselves created a mathemati-
cal basis, computational algorithms and programs imple-
mented on their basis for calculating the analytical formulas 
we need. 

The second important distinguishing feature of the 
methods used by us is that with their help, in a number of 
specific cases, it is possible to confirm the idea expressed 
by J. von Neumann: when a researcher is faced with a 
problem that he is unable to solve, he can use a computer 
to carry out time-consuming calculations that can lead to 
"correct" answer, and after that (with a solution "prompt-
ed" by the computer) it becomes possible to find a rigor-
ous and constructive proof. In the work, using computer 
calculations, we managed to establish and then mathe-
matically rigorously prove a number of analytical formu-
las that describe the probability of error-free reading of 
random discrete-point images. To do this without serious 
software support would be impossible or very difficult. 

The third distinguishing feature of the presented work 
is that for a strict mathematical proof of the probabilistic 
dependences and relations obtained in it, we proposed an 
extension of the classical Catalan numbers to the multi-
dimensional case (including their explicit form for a 
number of specific cases).  
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All of the above approaches turned out to be a useful 
tool for solving many scientific problems [13 – 14], 
which, by their physical nature, are associated with prob-
abilistic processes and, at the same time, require the use 
of highly efficient tools of computational informatics. 

1. Analytical transformations on a computer in the 
problems of registration and analysis of random point 

images 

The main problem considered here is related to es-
timating the probability of error-free reading of a ran-
dom two-dimensional field in the case when the coor-
dinates of point objects forming such a field are rec-
orded using a reading aperture having a limited num-
ber of threshold levels. 

By a random two-dimensional field is meant a ran-
dom discrete-point distribution on a plane, created by a 
certain Poisson source with intensity λ. The classic way 
to read the coordinates of such point objects is to use a 
"television" scheme for readout a random image in ac-
cordance with the scheme shown in Fig. 1. 

 
Fig. 1. Television reading scheme of random point image 

The reading aperture of the integrator having k 
threshold levels sequentially scans all horizontal bands of 
the image. When a point object falls within the reading 
aperture, the total integrator signal increases by one, and 
the coordinates of the point object are fixed. Meanwhile, 
the most important characteristic of the registration pro-
cess is the probability of its error-free implementation, 
i.e. the probability that there will never be more than k 
objects inside the scanning window: 
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Here, Pn,k (ɛ,L) is the probability of error-free 
readout of all horizontal bands of the image, provided 
that exactly n samples fall into separate band. Using 
the standard normalization, the parameter L can be ex-
cluded from consideration, and as a result finding the 
probability (1) reduces to solving the following one-
dimensional problem: 

“It is required to find the probability Pn,k (ɛ) that when 
randomly throwing n points x1, x2,..., xn onto the interval 
(0,1), no subinterval of length ɛ containing more than k 
points is formed inside it.” 

Unfortunately, the analytical solution of this problem, 
despite the simplicity of the formulation, is known only 
for the case k =1 [15 – 16] and is given by the formula 

,1( , ) ( ( 1) ) / ,( 0 / ( 1) ).n n
nP L L n L L n          (2) 

The problem posed is related to a random partition of 
the interval. Existing methods [17 – 18] are not sufficient to 
find a general formula for the probability Pn,k (ɛ), therefore, 
to find its particular solutions we implemented several ide-
as based on analytical transformations on a computer [19]. 

2. Determining the reliability of readout random point 
fields using analytical transformations on a computer 

The relations (3) – (6) given below describe the 
scheme for calculating the formulas Pn,k

 (ɛ) using the ana-
lytical calculation on a computer the multidimensional in-
tegrals over convex polyhedra in n-dimensional space: 
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First, the original integral (3) over the domain Dn,k
 (ε) 

defined by the system of inequalities (4) is reduced with 
the help of transformations (5) – (6) to the sum of iterated 
integrals with the already set integration limits. Relation 
(7) shows the first step of the algorithm, where the limits 
of integration with respect to the variable x1 are deter-
mined. Expression (8) describes the resulting set of all n-
dimensional iterated integrals into which the original n-
fold integral (3) decomposes. At the final stage, each of 
the iterated integrals is sequentially integrated and the re-
sults obtained are combined, taking into account the 
boundaries of the free parameter ɛ. We have created a 
software package for computerized implementation of all 
the listed analytical transformations on a multi-core clus-
ter of Novosibirsk State University.  

It is designed for high-speed calculation of multiple 
integral expressions with space dimensions up to n = 15. 
When calculating manually, it is practically impossible to 
set the limits of integration, check all intermediate sys-
tems of inequalities for compatibility, and directly calcu-
late iterated integrals even for n = 3.  

The software package allows to calculate the formulas 
Pn,k (ɛ) for all possible ranges of the parameter ɛ for any 
values of n < 16 and k < n. Table 1 is an example of calcu-
lation of the formula Pn,2 (ɛ) for n = 15 using the latest 
software modification and the capabilities of the Novosi-
birsk State University multi-core cluster in 2023. 

In the software implementation of any computational 
algorithms (both numerical and analytical), the most im-
portant characteristics are their complexity (i.e., the de-
pendence of the total number of elementary operations on 
the dimension of the problem being solved) and required 
resources (i.e., memory costs). On modern multi-core 
computing clusters, these two indicators are the main pa-
rameters that directly affect the total execution time of the 
computing process. The latest version of implemented 
parallel algorithm on a multi-core cluster makes it possi-
ble to calculate the integral (3) in the case when the inte-
gration domain (4) is not necessarily tied to the calcula-
tion of the formulas Pn,k (ɛ), but is specified by an arbi-
trary system of linear inequalities in the variables x1, 
x2,..., xn, ɛ. The complexity of such an algorithm depends 
not only on the dimension n of the problem being solved, 
but also on the parameter C (n), which takes into account 
the number of inequalities in system (4) and the specifics 
of the problem being solved, and can be represented as 
O (n! C(n)). It should be noted that it is quite difficult to es-
timate the parameter C (n) in each particular case. For ex-
ample, in the problem described above related to the calcu-
lation of formulas Pn,k (ɛ), system (4) consists of (2n – k +1) 
inequalities, i.e. for k =1, the number of inequalities is 
maximum, while the number of iterated integrals into 
which the original multiple integral decomposes (and 
hence the execution time of the algorithm) is minimal. 

Tab. 1. An example of the program's results for n =15 

n k Range of  Pn,k () 

  (0,1/9) 

1 – 13652 + 227503 + 2811904 – 120480365 + 1227276056 + 1128570307 – 140737246658 + 

+1440642603409 – 68038587817210 + 102514319544011 + 520329844625512 – 

– 3089305064202013 + 6442603458946514 – 4999196127927415 

15 2 (1/9,1/8) 

–12 +1680 –1024802 + 37819603 – 962420554 +18005988005 – 255892737106 + 

+ 2805383295007 – 23840109493208 +156563806399009 – 7862977568546110 + 

+ 29611170705207011 – 80866448251316012 +151117221854424013 –172758937438248014 + 

+91083332182908815 

  (1/8,1/7) 

– 572 + 60060 – 29279252 + 879578703 –18217999804 + 275679003605 –149532285906 + 

+ 27670338610207 – 188524975438808 + 996312668351009 – 40514436472610110 + 

+124510782074679011 – 279975268456884012 + 434906581957848013 – 417354640590888014 + 

+186538980336508815 

 

In addition to the programs for calculating multidi-
mensional integrals over convex polyhedra in n-
dimensional space, we have developed two computer al-
gebra software packages to solve the problems of regis-

tration and analysis of random point images. The first 
package is designed for specialized recursive analytical 
calculations. The second package is related to the calcula-
tion of probabilistic formulas by the method of differenti-
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ating multidimensional integrals with respect to a pa-
rameter. Fig. 2 shows one of the one-dimensional 
schemes for the placement of random point objects, the 
analysis of which required the use of the two mentioned 
software systems. 

 
Fig. 2. Allocation scheme for an even (n = 2m) number of 

random points on the interval (0,1), when no subinterval of 
length Ωɛ contains more than 2 points. Case 1/m < ɛ < 1/(m – 1) 

3. Combinatorial-linguistic problems that arise 
in the study of random point structures and lead 

to classical and generalized Catalan numbers 

In the analysis of random point structures, the word-
symbolic formulation of problems turns out to be a very 
useful tool for ranking interdependent numerical se-
quences [20]. Below we will give the formulations of 
several tasks; some of them are direct extensions of the 
classical Catalan numbers to two and three dimensions. 

The first task is formulated as follows: «Different 
words of length (Na

 + Nb
 + Nc) are composed of Na sym-

bols “a”, Nb symbols “b” and Nc symbols “c”. It is neces-
sary to determine the total number of words W (Na, Nb, Nc) 
such that for each of them two conditions are simultane-
ously fulfilled: 

1. When viewing a word from left to right, the number 
of “b” characters encountered never exceeds the 
number of “a” characters encountered. 

2. When viewing a word from right to left, the number 
of “c” characters encountered never exceeds the 
number of “a” characters encountered». 

To find a solution, the given word-symbolic problem 
was translated into a geometric form (see Fig. 3). It was 
required on a three-dimensional discrete lattice in the co-
ordinate system (X, Y, Z) to find the number of monotone 
paths from the point (0,0,0) to the point (Na, Nb, Nc) that 
do not intersect any of the P1 plane given by the equation 
X – Y = 0, nor the plane  2 given by the equation X –
 Z + Nc

 – Na
 = 0 (in the problems we considered, the planes 

P1 and P2 could not have intersections inside the paral-
lelepiped shown in Fig. 3). 

 
Fig. 3. Box with bounding planes P1 and P2 

The number of such paths corresponds exactly to the 
number of three-character words W (Na, Nb, Nc) that satis-

fy the conditions of the problem. For the case 
Na

 > Nb
 + Nc

 – 2 its solution is the relation 
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This formula was obtained with the help of a double 
application of the mirror reflection method, first proposed 
by the French mathematician D. Andre back in 1887 to 
solve the Bertrand ballot problem [21]. We named these 
numbers as «generalized three-dimensional Catalan num-
bers», since the resulting formula generalizes the one-
dimensional Catalan sequence known from many applica-
tions (it is obtained from (9) with Na

 = Nb and Nc
 = 0). The 

use of multidimensional generalized Catalan numbers al-
lowed us to prove a number of analytical probabilistic re-
lations that characterize the reliability of registration of 
random point images. In particular, we have proved the 
exact relation (10): 

1 2
2 ,2 2 2( ) ( )(1 ( 1) )m m m

m m mP C C m       (10) 

for 1/m < ɛ <1/(m –1); 
To do this, we first managed to track the structure of 

relation (10) using the existing set of computer-calculated 
formulas P2m,2(), then convert the original continuous 
problem into a discrete one, and then, using the program-
combinatorial approach, find its exact solution. By the 
way, the first factor in formula (10) is the classical Cata-
lan number. 

The basis for the proof of formula (11) below  
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for 1/(m +1) <  <1/m; 
was the formula (9) of the above word-symbolic formula-
tion of the problem (as already noted, this is a three-
dimensional extension of the classical Catalan sequence). 

To prove formula (12) 

2 1 2
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for 1/(m +1) < ɛ <1/m, 
we needed to solve two additional word-symbolic prob-
lems. One of them is quite simple and formulated as fol-
lows: «Different words of length (Na

 + Nb) are composed 
of Na symbols “a” and Nb symbols “b”. It is required to 
find the total number of words such that when they are 
viewed from left to right, the number of “a” characters 
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encountered never exceeds the number of “b” characters 
encountered by more than k (it is assumed that Nb

 ≤ Na 
and 0 ≤ k ≤ Na

 – Nb». 

(N )! (N )!
( , ) .

N ! ! (N 1)!( 1)
a b a b

a b
a b a b

N N
W N N

N k N k

 
 

   
 (13) 

The decision was found using the already mentioned 
mirror reflection method. It is easy to see that formula 
(13) is a two-dimensional extension of the classical 

Catalan numbers, which are obtained from it when 
Na

 = Nb and k = Na
 – Nb (or k = 0). 

The second task is much more difficult: «Different 
words of length (Na

 + Nb
 + Nc

 + Nd) are composed of Na 
symbols “a”, Nb symbols “b”, Nc symbols “c” and Nd 

symbols “d” (they must meet the conditions 
0 ≤ Nb

 <Na
 ≤ m, 0 ≤ Nd

 < Nc
 ≤ m, (Na

 + Nd) ≤ m, 
(Nb

 + Nc) ≤ m, (Na
 + Nc) ≥ m +1). It is required to find 

the total number of words Wk
 (Na, Nb, Nc, Nd) that, when 

viewed from left to right, simultaneously satisfy three 
conditions: 

1. The number of “b” characters encountered never ex-
ceeds the number of “a” characters encountered. 

2. The number of “d” characters encountered never ex-
ceeds the number of “c” characters encountered. 

3. The number of “a” characters encountered never ex-
ceeds the number of “c” characters encountered by 
more than k = (m +1) – Nc». 

Formula (14) 
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(14) 

is the solution to this problem. It was obtained using 
the technique of searching for random paths in Weyl 
chambers [22]. 

Using program-analytical methods of direct integra-
tion (for two free parameters), we have obtained and 
proved closed analytical relations (15 – 18): 

1
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The following asymptotic dependence (19) has been 
established and confirmed by all software calculations 
(including the results of 2023 obtained on the multi-core 
cluster of Novosibirsk State University): 
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Conclusion 

It is important to note that the exact probabilistic for-
mulas Pn,k (ɛ) obtained as a result of the software-
analytical calculations are required for solving many 
practical and applied scientific problems related to digital 
image processing. In particular, their knowledge is neces-
sary for selecting the optimal number of threshold levels 
of a scanning detector receiver for television reading of 
random point images [23]. In biomedical research, these 
dependencies are required when classifying the analyzed 
images into standard and abnormal ones in order to 
promptly identify tumors and other disease-causing for-
mations [24]. Methods and programs developed for intel-
lectual analysis of random point images turn out to be a 
useful tool in solving problems related to the construction 
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of optimal algorithms for localizing point sources with a 
random discipline of pulse generation [25]. The created 
software-algorithmic complex and the scientific results 
obtained with its application became the basis for many 
research projects and scientific works carried out by the 
Institute of Automation and Electrometry of the Siberian 
Branch of the Russian Academy of Sciences (Novosi-
birsk) together with the Joint Institute for Informatics 
Problems (Minsk). Author's works aimed at creating new 
methods of software-analytical solution of the problems 
of registration, intellectual processing and analysis of 
random point images were supported by the RFBR al-
ready at the initial stage of research. In particular, RFBR 
grants financed the publication of a monograph [26] and a 
popular science article [27]. 

Thus, an example has been demonstrated when a 
computer with specialized software support is effectively 
used to solve complex probabilistic problems of analysis 
of random point images. In this case, the computer did 
not played the role of just a powerful calculator, but an 
intelligent assistant equipped with tools for conducting 
branched and time-consuming analytical calculations. 
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