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Abstract

We discuss a synthesis of stochastic algorithms, obtaining expressions for gradients of Shan-
non, Renyi and Tsallis mutual information on the basis of the mathematical apparatus of stochastic
gradient adaptation of algorithms for estimating image registration parameters. To obtain the ex-
pressions, derivatives of the image entropy with respect to the estimated parameters are used. The
entropies are calculated using a Parzen window method. A comparative study of the synthesized
algorithms in terms of stability and accuracy of the registration parameter estimates, including in

conditions of additive noise, is carried out.
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Introduction

The widespread use of video information puts forward
ever-increasing requirements, both for technical means
and for image processing methods aimed at improving
the perception, analysis, recognition and interpretation of
images for decision making. A key operation in solving
applied problems of image and video data processing in
various fields [1, 2] is image registration. It involves find-
ing a function or parameters of a given function that es-
tablishes correspondences between conjugated points of
two or more images. In this case, these can be both
frames of the same video sequence, reflecting the dynam-
ics of the scene, and images formed by different devices,
received at different times, in different spectral ranges.
The registration result can be either the final product or a
link in solving another problem. For example, when
combining images according to the registration results,
they are reduced to common coordinates by a spatial ge-
ometric transformation, before being complexed; when
identifying the object of interest its parameters are found.

Mutual geometric deformations of the registered im-
ages can be either global, i.e. inherent in the entire area of
the processed image, or local, i.e. restricted to particular
areas. When processing images, both types of defor-
mation need to be described using some mathematical
models. Thus, the images of the same scene taken at dif-
ferent camera angles are described by a projective model
[3], the estimation of the parameters of which requires
significant computational costs. At the same time, the ter-
rain can add local distortions. To describe local defor-
mations, simpler models, for example, an Euclidean one,
are often sufficient.

As already noted, the problem of image registration
arises in a variety of fields: in medicine, for example,
when combining images of positron emission, magnetic

resonance and computed tomography [4, 5], monitoring
by video information of the dynamics of changes in ele-
ments of industrial facilities [6], constructing trajectories of
unmanned aerial and underwater vehicles [7], monitoring
the Earth's surface [8], mapping the soil and vegetation
cover by remote sensing [9], detection of changes [10], de-
tection and identification of objects of interest [11, 12], in-
creasing informativeness [13], and many others.

Taking into account the variety of problems arising
from various restrictions on the source data and the math-
ematical apparatus used, image registration methods have
been intensively developing for several decades and are
becoming increasingly widespread. Many effective ap-
proaches focused on various applied problems have been
proposed. Conventionally, these approaches can be divided
into two large categories: image registration based on key
features [14, 15] and based on intensities [16]. In situations
where the linked images have a different structure (for ex-
ample, obtained from different spatial coordinates and/or at
different times) or nature (formed in different spectral
ranges), the identification of key features is often difficult
and the binding parameters are unreliable. The intensity-
based registration is based on an estimate of the numerical
value of some given measure of similarity of the studied
images and does not require searching for any features.

The difficulties that arise when registering multispec-
tral and multi-temporal images are due to the fact that, in
addition to different camera angles and shooting scales,
such images often have significant mutual nonlinear
brightness distortions and pulse interference of a priori un-
known type. At the same time, traditional methods, for ex-
ample, SIFT [17] and SURF [18], using reference marks
[19], sequential analysis [20] in difficult conditions have
low accuracy and reliability. Good resistance to conditions
of a priori uncertainty is provided by procedures for sto-
chastic non-identification registration of images [21, 22]

Kowmmsrorepnas ontuxa, 2024, Tom 48, Nel  DOI: 10.18287/2412-6179-CO-1332 109



http://www.computeroptics.ru

Journal@computeroptics.ru

based on information-theoretic measures [23]. In the syn-
thesis of such procedures, information-theoretic similarity
measures, in particular, mutual information (MI) of images
[24], are chosen as objective functions.

1. The problem statement

When registering several images with a view of re-
ducing the error, each subsequent image is referenced to
some image conditionally taken as reference. Then, in re-
lation to it, the other images will have spatial defor-
mations, whose parameters need to be determined. If an-
other image is selected as the reference image, then the
images are still bound in pairs. Therefore, we will consid-
er the binding of two images: a reference Z" and a de-
formed one Z7, assuming that the conjugate points of these
images can be found using a given model of geometric de-
formations with a set of parameters a. The determination
of optimal binding parameters using the mathematical ap-
paratus of non-identification stochastic adaptation [25] is
reduced to a recurrent search for the extremum of a multi-
dimensional objective function Q(a, Z", Z¢) in the parame-
ter space. The parameter vector corresponding to the ex-
tremum is considered to be optimal.

Stochastic algorithms for estimating image registra-
tion parameters o are based on a relay stochastic gradient
adaptation procedure, which can be written as:

&t :&t—]iAt VQ (dt—]:vZ;:Zd)3 (1)

where Vq(+) is the stochastic gradient of the objective
function Q(dH,Z{ VA ); A is the gain matrix that de-
termines the rate of change of the estimates @, ; Z" is the
image Z’, resampled at the #-th iteration according to the
estimates @,_, obtained at the previous iteration; ¢t =1,T
is the iteration number.

The speed of (1) is determined primarily by the com-
putational costs of finding the stochastic gradient Vg(-).
To reduce them, it is advisable to use at each iteration on-
ly a small part of the pixels Zj eZ c Z; and
zfy € Z! < Z of images Z’ and Z¢, which we will call
the local sample Z, =Z; UZ{, where j,€Q are the co-
ordinates of the pixels included in the local sample Z.
The rule for choosing these coordinates can be different,
in particular, it can depend on the iteration number or the
local sample pixel coordinates can be chosen randomly
with equal probability. In general, the optimization prob-
lem [26] of determining the image area from which pixels
are selected as a function of the iteration number and the
autocorrelation function of image brightness requires a
separate study for each type of objective function.

The stability of the calculated estimates of the regis-
tration parameters to the conditions of a priori uncertainty
of the image parameters and brightness noise is provided
by a relay stochastic procedure in which the sign function
is used to limit the variability of the estimates:

b, =@, £Asign Vo (6,2, ). )

The objective of this study is to synthesize relay sto-
chastic algorithms for estimating image registration pa-
rameters when choosing the objective function of the es-
timation quality. Such functions are Shannon, Renyi and
Tsallis MI. In this case, the stochastic gradient of MI
should be obtained on the basis of partial derivatives of
MI entropies. Solving this problem is important because
it provides a basis for analyzing the effectiveness of oth-
er, more simplified approaches. In particular, when using
the histogram method [27] or estimating the stochastic
gradient of objective function by finite differences [28].
Another problem is to experimentally estimate the effi-
ciency of the obtained algorithms under noisy conditions.

2. The synthesis of image registration algorithms
based on mutual information
2.1. Stochastic gradients of mutual information
of the studied images

The numerical values of Shannon MI [29] at the ¢-th
iteration can be found by a well-known expression using
Shannon entropy:

Qs::]:IS(Z;)+I:IS(Z{1>_I:IS(Z;:Z¢), 3)

where H s (2;) and H s (Z;’ ) are Shannon entropy esti-
mates of images Z; and Z¢; Hg (Z,r , 24 ) is the estimate
of the joint Shannon entropy of these images.

The estimates of Shannon entropies from a local sam-
ple of images can be found by the formulas:

Hy(Z7)== p(Z)log. p(2). )
jeQy
]:[S (Zfa Zd):
5
=SS p(5) e 0w p(5)p(zt).
Jisjk€Qz

where p(z_;ﬁ ), p(Zj",) and p(Zj’n-, zjfﬁk) are values of
probability density function (PDF) and joint PDF at pixel
brightness Z;, zj;, € Z, .

Then, in accordance with (3), the stochastic gradient
of Shannon MI is determined by the expression:

6HS(Z;‘) aHS(Z;,Zd)
Vs = oo B oo ’ ©

Tsallis MI [30] is determined as

QTt :I:IT(Z;)"'[:IT(Z{’)_I:[T (Z;,Zd)“l‘

7
+(—qr)Hr (Z;) Hy (27), @
where
a,(2;)=(q, -1)" Z pr(E)1-p7(5)), ®
ﬁT(Z,’,Z"’):
- -l (3 ©)
=(¢, 1) 2> (l_qu (Ziﬂ’z.irk))

Jisik€Qz
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are estimates of the Tsallis entropy of images Z; and Z?
and the joint entropy; gr is the order of Tsallis entropy.

Accordingly, the stochastic gradient of the Tsallis
MI (7) is

o, (Z: .
Vo :L(HH(Z“)(I—(]T ))-
| (10)
OH; (Z;.7')
oa,
Renyi MI [31] can be calculated as
Hp(Z )+ He (24
Qu = R(A )+ (%) (11)
H, (Z,’,Z“)
where
Hy(Zi)=(1-q,) 'log. Y p* (%), (12)
jeQz
Ay (Z;,27) = (1-q, ) DY logs po (Z. 2 ) (13)
Jijk €Qz

are Renyi entropy estimates; g is the order of Renyi.
Taking into account (11), the stochastic gradient of
the Renyi MI can be calculated by the expression:
o1, (Z;)
O
(I‘AIR (ZZ)+ﬁR(Zf)) 8ﬁR(Zf, Zd)
(7.2 da

VQRt = [:[];1 (Z/r’ Zd)
(14)

Thus, finding the stochastic gradients of the Shannon,
Tsallis, and Renyi MI is reduced to determining the PDF
and joint PDF estimates of images Z; and Z at each itera-
tion, as well as the derivatives of the entropies of the corre-
sponding MI with respect to the estimated parameters.

2.2. Estimates of probability density functions
of the reference and deformed images

As already noted, when finding the numerical values
of MI at each iteration of the procedure (2), it is required
to estimate the single PDF and joint PDF of images Z;
and Z¢. At the same time, estimates of both PDF must be
found from a local sample Z,, which has a small volume
(units, tens of pixels), which leads to increased require-
ments for the accuracy of PDF approximation. PDF esti-
mates can be found either using the histogram method
[27] or using the Parzen window method [32]. Studies
show that the Parzen window method is more informative
for the problem under consideration, which also assumes
a simple software implementation.

The idea of the method is that the PDF estimate p(z)
is found as a normalized superposition of elementary
symmetric distributions w(z)|;j, centered on the pixel
brightness Z{ , j.€Qyz, that are in the local sample:

p(z)=— 3 w(z)

u j€Qy

) 15)

Zjr

where L is the local sample size (cardinality of the set Q).
In particular, if the elementary distribution is Gaussi-
an, then

w(z)==>] ! exp| — _2 , (16)

W jea, NV 2Tog 20%

where o% is the variance of the elementary distribution,
which is chosen from some criterion and significantly af-
fects the quality of entropy estimates. Instead of a Gauss-
ian distribution, any other suitable differentiable function
can be used, for example, the Cauchy PDF. However, the
features of the Gaussian function simplify the subsequent
analysis, therefore, in this study, it is chosen as an ele-
mentary distribution in the Parzen window method.

2.3. Derivatives of the entropy of mutual information with
respect to the estimated parameters

To calculate the stochastic gradient of all MI types, it
is necessary to find partial derivatives oH (Z,’ ) / do. and
OH (Z"’ , Ly ) / oo with respect to the estimated registra-
tion parameters of the single image entropy Z; and joint
entropy of images Z; and Z¢. This can be done either by
numerical methods using finite differences [28], or, as in
this work, analytical formulas can be obtained taking into
account the accepted model of mutual spatial defor-
mations of images.

There is the known approach to find analytical de-
pendencies of Shannon MI when representing an image
model by a random field Z= {z;}. In this approach, find-
ing estimates of the Shannon entropy is based on the fact
that it can be expressed as the mathematical expectation
of the negative logarithm of the PDF [33]:

Hy(Z)=-Y" p(zj)log, p(z;) = M[-log, p(Z)],

zjeZ)

where M[] is the expectation operator. Estimates p(z;) for
a local sample Z,cZ with volume L, are constructed using
the Parzen window method. The mathematical expectation
(—logop(Z)) is estimated by the average value p(z;) of anoth-
er sample Z, from the same random field Z, which can have
a volume 1, that is generally different from p;. Then, as a
calculated relation for entropy, we obtain:

Hs(Z)~ Hy(Z) =

= —L Z 10g2 (i Z W(;(Z,- _Zk)\J»

W2 s ez, Wi ez

(17)

where z; is the brightness of the element zjeZ;; z; is the
brightness of the element zjeZ,. Then the derivative of
(17) is calculated. The usage of two samples (one for es-
timating the PDF and another for finding the average val-
ue of the logarithm of the PDF) leads to inefficient usage
of the information contained in them.

In this work, for the analytical determination of entro-
py derivatives, a different approach was used, in which
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only one sample of images Z; and Z¢ is used. As func-
tions of entropy for differentiation, expressions (4) and
(5) were used for Shannon M1, (8) and (9) for Tsallis MI,
and (12) and (13) for Renyi MI. Omitting intermediate
calculations, we present the resulting expressions.

With known Z, the partial derivatives for the Shannon
entropy can be found by the expression:

81:131 (Z’) :L Z { Z (V;‘/(Al_rk GaA_fij
; o

2
oa UOG rez \ ez,

X[log2 (ul 2. Vi J+ IJ]
zjeZ,

where V/; :p,"(z,-’ —z,f); Ay =z] —z[; z/ and z; are
brightness of pixels Zj, € Z, .

Similar relationships can also be written for
GI:ISt(Zd,Z{)/au:

(18)

619& (Zd,Z,r) 1 y O
—_— = a\r Ap —%
oo, [Uler ,;Ezl [z,’ ,;Zsz, (Vlk Vil oo )

{logz(u‘ > V;‘Ni]HD,
2,20 ez,

where V4 =w, (z;’ —zjf); A4 =z8 —z¢; z! and z{ are
brightness of pixels z{, € Z, .

The partial derivatives for the single and joint Tsallis
entropy are determined by the expressions:

.., OAf
81:17, (Zr) B Z ( Z (vikAik aukj

19)

_ zp€Z \ 7 €Z, y
oa, (1 —qr )HG%; (20)
qr =1
Hgr .
x 1—“7(223 v,kJ ,
r\Jd AT aAle
- X
oo, (l_qT)HG%; (21)
qr -1
Wqr .
x 1—17(4_;& vikv;ka ;

where g7 is the order of Tsallis entropy.
The partial derivatives for the single and joint Renyi
entropies [3] correspond to the expressions
2 (Z Vi

(qR *1)
v;
aI:IRr (Z’ ) z, €7, zl €7, J[Z{Zel:, k \]
- ,(22)

aa 1 qr
Il
qR zveZ; \ 2/ €Z,

GAQ}C
ou

oH,, (Zd,Z;)

(9x-1)
bl (ZVVJ x

rod
z; .2 €Z,

> viviay, O @)
2zl ez, aa

X .
qr
[1—1 ]Gé 2 ( 2 V:W?kj
qr 2lez, \ o 2l ez,

Note that i#k when summing in expressions (18)-
(23). In addition, the calculations can be reduced by
summing over k from 1 to y, and over i from £+ 1 to .

Let us take into account that in expressions (18)-(23)
the derivatives 0A} /0a depend on the accepted model of
spatial deformations. Let's represent 0A}, /da. in the form

oAy aA;kg_a(zf—z,:)@f(zf—z;)% 24)
o 0 o o,  oa o, oa’

In this case, since the dependence of the brightness
z; of pixels Zj, € Z; on the basic coordinates j of the im-
age Z'. is not known a priori, the derivative
6(2}‘, -z )/6j can only be estimated through finite dif-
ferences. For example, in the simplest case, assuming the
image is two-dimensional j=(ji,j2)", the derivative
oz}, /9j, at the node (ji=n, j,=m) of the pixel grid, as-
suming the usage of second-order interpolation and a unit
grid step, can be estimated as

oz,

Zn+lm ~ Zn-1m
A A (25)
a]1 Ji=n 2

Ja=m

The derivative 0j/0a can be found analytically us-
ing the adopted model of mutual spatial deformations of
images Z¢ and Z’. In particular, if a special case of the
general affine model is used, the similarity model [3] is

i = K(h; cos ¢ — i}, sin (p)+ hi +h0, 26)
Ja= K(h,1 sin ¢ + 4}, cos (p)+hjz +h0.

The parameters o= (%1, k2, @, k)T of this model are
shifts ;1 and A, along the basic image axes, rotation an-
gle ¢ and scale factor k. In this case we have

641:8]_.2: 1,%: (B}, cos @ —hj, sin ¢),

o, O ok

ai}z@—?:o, %:(h;a sin @+ A}, cos (p),

9 I oK

o 27)
)] PR *

a—q‘) = k(—h;, sin 9—hj, cos 9),

o . .

8_(:) = K(—hj, cos ¢ — hy, sin QD),

where h; = (h.fl - h./lo) 5 hjz = (h.fz - h,/'zO) 5 (hfl 05 hfz 0) are
the coordinates of the rotation center.
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Thus, all the necessary relations for calculating the
stochastic gradient of the Shannon, Renyi and Tsallis MI
for the algorithmic implementation of the procedure (2)
for estimating the image registration parameters have
been obtained.

3. Experimental study of algorithms
under noisy conditions

On the base of the obtained expressions, relay stochas-
tic image registration algorithms were synthesized, which
were tested on simulated and real images. The simulated
images were formed using a wave model [34], the ad-
vantage of which is the isotropy of the obtained images, as
well as the proximity of the brightness and correlation
functions to Gaussian ones. The latter is important for ex-
perimental verification of analytical results, since such lim-
itations are often assumed when obtaining them. Satellite
images of the optical range were used as real images.

When conducting an experiment (1), a positive-
definite diagonal gain matrix with constant learning coef-
ficients was used:

A, 0 0 0l 02 0 0 0
0 A, 0 Of |0 02 0 0

‘ = » (28)
0 0 2 O |0 0 01 0
0 0 0 Xf |0 0 0 0005

where Ay is measured in degrees. The number of itera-
tions of algorithms is 7=100. The local sample Z; at each
iteration is formed equally randomly. The local sample
size p for all algorithms is 80 pixels. The sizes of samples
Zn and Zp, ZnNZp =7, are equal. To find the variance c%
of an elementary Gaussian distribution, one of the well-
known approaches [33] is used, in which it is determined
by several iterations through an estimate 6% of the vari-
ance of a local sample:

2
AL R C )
G = 7%/; , Oz _jézgz l_,l,— s (29)

where z¢ is the average value of {z;‘ﬁ} .

The objective of the experimental study was a com-
parative estimation of the effectiveness of algorithms de-
veloped on the basis of various types of MI in under
noisy conditions. At the same time, in order to be able to
analyze the accuracy of the estimates of the registration
parameters generated by the algorithms, the deformed
image was constructed from the reference one according
to the specified deformation parameters and an independ-
ent centered Gaussian noise was additionally added to it.
The range of the ratio ¢ of image variance to noise vari-
ance was studied in the range from 5.5 to 0.5.

The following indicators were used to compare the ef-
fectiveness of algorithms synthesized on the basis of dif-
ferent types of MI: noise resistance, error of the vector of
estimates of deformation parameters and speed. The noise

resistance of algorithms was defined as the proportion of
evaluation failures for a given number of the algorithm
implementations. Estimation failure here means the ab-
sence of convergence of estimates to the optimal value
for a given number of iterations of the algorithm for at
least one of the deformation parameters. The error was
characterized by the variance of the error of estimates of
each of the deformation parameters, as well as the Eu-
clidean mismatch distance [35], which integrally charac-
terizes the vector of parameter estimates. The implemen-
tation of the algorithms was estimated by the number of
iterations until the convergence of the estimates of the
registration parameters was achieved. The hypothesis of
achieving parameter convergence to optimal values was
considered confirmed if the variance and the average val-
ue of the parameter estimation error in the sliding win-
dow did not exceed the specified threshold values.

An example of a simulated image is shown in Fig. 1a.
Due to the specifics of its formation, its distinctive feature
is the absence of relatively high-frequency spatial compo-
nents, for example, contours. The deformed image ob-
tained using a similarity model with parameters /,=-3.4,
hy=—42, ¢=5.1, «k=1.07 and also noisy with g=1 is
shown in Fig. 15.

a) ;
10

L 2#

X

28 £9

24 g

g 2|

00 100 200 00 100 200

C) brightness d) brightness

Fig. 1. Example of original and noisy deformed simulated
image and their brightness probability distributions

The brightness values of the original and deformed
images are shown respectively in Fig. Ic and Fig. 1d.
Due to the linearity of the noise operation, the greater the
noise, the closer the brightness distribution is to Gaussi-
an. However, it is worth noting that the distribution mode
for the simulated image practically does not change.

The dependence of the proportion of estimation fail-
ures on the signal-to-noise ratio for 30 algorithm imple-
mentations is shown in Fig. 2a. Here (as well as in Fig. 3,
Fig. 4a, Fig. 6 and Fig. 7a) the green curve shows the re-
sults of the algorithm synthesized on the basis of Shan-
non MI, red — Tsallis MI and blue — Renyi MI. It can be
seen that Tsallis MI has the least stability among the stud-
ied objective functions. For it the failure proportion tends
to 100 % already at g=4. The best stability is shown by
the algorithm based on the Renyi MI, in which estimation
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failures begin at ¢ <2. The algorithm based on Shannon
MI is some better in this indicator, but significantly infe-
rior to the usage of Renyi MI. The variances of the error
in estimating the deformation parameters is shown in
Fig. 2b—2d (Fig. 2b is the dependence of the variance of
the error in estimating the shift along one of the coordi-
nate axes on ¢, Fig. 2c — in estimating the rotation angle,
Fig. 2d — in estimating the scale factor), from which it can
be seen that the smallest error in estimating all parameters
is given by the algorithm based on the Renyi MI, and the
largest is based on the Tsallis MI. At the same time, the
loss in variance for estimates of all parameters is more
than 1.5 times. The algorithm based on Shennon MI loses
about 20 %. The vertical dotted line on the graphs means
that the estimation failure with a further increase in noise
changing. The vertical dotted line on the graphs means
the estimation failure with a further increase in noise.
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Fig. 2. The proportion of estimation failures and the variance
of parameter estimates for different types of MI for simulated

image

[\ [\ [\
[=] N o]
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—_

number of iterations

N

5 3 1
signal-to-noise ratio
Fig. 3. The number of iterations of algorithms before the
convergence of the registration parameter estimates

The dependence of the number of algorithm iterations
that necessary for the convergence of the estimates of the
registration parameters on the signal-to-noise ratio is
shown in Fig. 3. It can be seen that the difference in the re-
sults for the algorithms based on Shannon and Renyi MI
does not exceed the experimental error. The algorithm
based on Tsallis MI requires 1.3—1.5 times more iterations
to achieve the convergence domain of the parameters.

L
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Fig. 4. The dependence of MI on the displacement for simulated
image
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Fig. 5. Example of the original and noisy deformed real images
and their brightness probability distributions
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brightness

The obtained results, reflecting a lower probability of
estimation failures and a greater accuracy of estimates of
the registration parameters of the algorithm based on the
MI, are also confirmed by the analysis of the dependen-
cies of various types of MI on the displacement along one
of the coordinate axes (Fig.4a). The figure shows the
curves normalized to the maximum for three types of MI,
obtained on the base of the image of Fig. 1a. It can be seen
that the decline rate of the numerical value of Renyi MI
with increasing shift is less than that for Shannon and Tsal-
lis ML This, in the conditions of geometric deformations of
images and noise, provides a larger amount of information
for the algorithm and, accordingly, better results.

Examples of Shannon, Tsallis and Renyi MI curves with
different signal-to-noise ratios are shown in Fig. 4b—Fig. 4d.
Here (as well as in Fig. 7b) the curve 1 corresponds to the ra-
tio of 5.5, the curve 2 — to the ratio of 3, the curve 3 — to the
ratio of 1. It can be seen that at the boundary of the shift
range, the difference in values at ¢=5.5 and g=1 for Renyi
is less than 1.1 times, whereas for Shannon MI is less than
1.7 times, for Tsallis MI is less than 2.6 times.
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An example of a real satellite image of the Volga
River water area of the optical range is shown in Fig. 5a.
In contrast to the simulated image of Fig. 1a, this image
is more high-frequency, having many contour lines. The
deformed and noisy image at ¢g=1 is shown in Fig. 5b.
To compare the results, the deformation parameters, as
well as the parameters of the algorithms, are selected the
same as in the previous example. The brightness values
of the original and deformed images are shown respec-
tively in Fig. 5S¢ and Fig. 5d. At the same time, the
brightness distribution of the real image is very different
from the Gaussian one. The addition of noise significant-
ly changes the distribution, bringing it somewhat closer
to normal, which also changes the mode of distribution.

The graphs of estimation failures proportion are
shown in Fig. 6a, and the dependences of the variance of
the Euclidean mismatch distance of the estimation vector
on the signal-to-noise ratio are shown in Fig. 6b. In gen-
eral, the obtained results confirm the conclusion about the
greater efficiency of the algorithm on the basis of the Re-
nui MI. However, we note that in the real image, the sta-

bility of the visualis to additive noise is slightly higher
than in the simulated one. In addition, in terms of estima-
tion failure proportion and in terms of the accuracy of the
estimates, the usage of Shannon MI gives similar results.
This can be explained by the fact that a higher-frequency
image provides, on average, less information content of the
local sample due to a smaller radius of correlation of the
autocorrelation function. At the same time, in this case,
with a given size of local sampling, the probabilities of
changes in the estimates in procedure (1) in the direction of
their improvement are close. However, for the Tsallis MI,
this sample size is not enough to compensate for a larger
decline in the MI with the same parameters of geometric
mismatch of the linked images. This is confirmed by the
graph of the dependence of the number of iterations of the
algorithms to the convergence of the estimates of the bind-
ing parameters (Fig. 6¢). It can be seen that the required
number of iterations has increased by about half for all al-
gorithms, however, according to the previous algorithm
based on the Tsallis M1, it is requared 1.5 times more itera-
tions to achieve convergence of parameters.
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Fig. 6. Parameters of algorithm efficiency for different types of Ml for the real image
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Fig. 7. The dependences of MI on the displacement
for real images

The normalized dependences of the studied MI on the
displacement along one of the coordinate axes, similar to
Fig. 4a, are shown in Fig. 7a. It can be seen that for the
given real image they have a significantly larger amount
of decline than for the simulated one, which indicates a
smaller amount of information with the same amount of
deformation. This leads to a lower probability of
changing the estimates in procedure (2) in the direction of
their improvement. As a result, the number of iterations
required for convergence of algorithms increases. An
example of Shannon MI curves with a different signal-to-
noise ratio is shown in Fig. 7b. The colors of the curves
correspond to Fig. 4h. At the boundary of the specified
displacement range, the difference for Shannon MI is

approximately 1.2 times, for Tsallis MI is approximately
1.3 times, for Renyi MI is approximately 1.1 times. Thus,
this experiment also confirmed the high resistance of the
Renya MI to additive noise.

Conclusion

The synthesized on the basis of the obtained analyti-
cal expressions for the stochastic gradient of mutual in-
formation of Shannon, Renyi and Tsallis, the recurrent
algorithms for estimating the image registration parame-
ters showed high efficiency. In particular, when the sizes
of the studied images were 500%500 pixels, the total
number of pixels used in all estimation iterations did not
exceed 5000, which is 2% of their total number. When
the size of the local sample increases, the accuracy and
stability of the registration estimates generated by the al-
gorithms increase.

Approbation of the algorithms on simulated and real
images under noisy conditions showed that the algorithm
based on the Tsallis MI showed less efficiency (both in
the proportion of estimation failures and in the dispersion
of the Euclidean mismatch distance). In general, when es-
timating the deformations of images with a brightness
distribution close to Gaussian, there is less resistance to
noise than in higher-frequency images with a complex
distribution of pixel brightness. In particular, in the ex-
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amples on simulated images for the algorithm based on
the Tsallis MI, 100% of estimation failures were ob-
served at a signal-to-noise ratio of about 2, while on real
satellite images, the failures with the same noise amount-
ed to about 30 %. Note also that, compared to algorithms
based on Shannon and Renyi MI, the usage of Tsallis MI
requires 1.3—1.4 times more iterations to achieve con-
vergence of registration estimates.

On the basis of the conducted studies, it can be con-
cluded that under conditions of increased a priori uncer-
tainty, in particular, when registration of multispectral
and multitemporal images, stochastic algorithms based on
Renyi and Shannon MI can be recommended. At the
same time, the algorithm based on the Rynyi MI provides
a slightly higher accuracy and convergence rate of the
registration estimates, but it also implies a greater compu-
tational complexity.
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