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Abstract

Aberrations of the coherent wavefront are analyzed using a phase Zernike filter. Developed iterative methods al-
low us to design a filter that decomposes the analyzed light field into a set of diffraction orders with amplitudes propor-
tional to the circular Zernike polynomials. We also apply the algorithm to the calculation of the light field phase from
measurements of the modules of decomposition coefficients. Operation of a 25-channel filter is simulated.

43



1. Introduction

Retrieval of the coherent light field phase is a
topical problem in digital data processing. We cannot
directly measure the light field phase but have to deter-
mine it indirectly, via light intensity measurements. For
example, the wavefront of the light field can be recon-
structed from an interferogram [1], from measurements
of the intensity distribution of the spatial Fourier-
spectrum [2]. A Shack-Hartmann wavefront sensor con-
sisting of an array of equivalent pinholes or a microlens
matrix [3] has also found use for phase retrieval. One
can also reconstruct the phase using amplitude and
phase filters capable of decomposing the light field in
an orthogonal basis [4,5]. Paper [6] deals with the the-
ory of spatial filters, called modans, intended for ana-
lyzing (selecting) the spatial modes of laser light. The
number of basis terms that can provide the effective
analysis of light fields is minimized using a basis
matched to the field under analysis. For example,
Gauss-Laguerre and Gauss-Hermite light modes are
analyzed in [7] using phase spatial filters decomposing
the light field in terms of orthogonal Laguerre and
Hermite polynomials.

In the present paper, we analyze wavefront aberra-
tions using a phase spatial filter. Based on an approach
related to the expansion of field in an orthogonal basis
[4-7] we propose that orthogonal circular Zernike poly-
nomial [8] should be used as a basis. Note, however,
that it turns out to be impossible to design a spatial filter
that would be able to produce an intensity distribution
proportional to the coefficients expansion of the sought
light field phase in terms of Zernike polynomials. In
other words, we cannot solve the formulated problem
using a purely optical approach. We will have to do ad-
ditional calculations.

In this paper we consider the decomposition of the
entire complex amplitude, rather than the phase field,
into a series in terms of Zernike polynomials. In this
case, an intensity proportional to the field decomposi-
tion coefficients will be generated in the spatial Fourier-
spectrum plane. Next, the measured coefficient modules
are used for calculating the argument of the light field
complex amplitude.

We also consider iterative algorithms for calculat-
ing the phase of a Zernike filter and for calculating the
phase of the light field complex amplitude. Results of
numerical simulation are discussed.

2. Circular Zernike polynomials

There is complete set of orthogonal functions with
angular harmonics in the circle of radius ). These are
the circular Zernike polynomials [8]:
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R;" (r) are the radial Zernike polynomials:
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(7, @) are polar coordinates.
The decomposition of the light complex amplitude
E(r, @) into a series in terms of (1) is given by
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In the plane of a spatial Fourier-spectrum which
can be generated using a spherical lens with focal length
f the light field complex amplitude F(p, ) will take the
form

F(p.0)=
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where k=2m/A is the wavenumber of light, 1 is the
wavelength of light , and (p,6) are polar coordinates.
Based on Eq. (4), we can represent the decomposition
of the light field in (7) into a series in terms of Zernike
polynomials in Eq. (1) as:

ke X
F(pae) = z Z(_i)mcnm x
f n=0m=—n

o : ®)
- k
x A,,e" j R (1), (7 rp)rdr

In deriving Eq. (8) we employed an integral repre-
sentation of the Bessel function of first kind and of m-th
order:
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We can find the integral in Eq. (8) in an explicit
form [8]
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From Eq.(9) it is seen that at n>0 the complex
amplitude is equal to zero at the central point p=0:
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Therefore, at n>0 the intensity distribution of ba-
sis diffraction orders in the Fourier plane will have a
like-ring structure.

3. An algorithm for designing a phase
Zernike filter

In Fig.1 is shown an optical setup (Zernike’s ana-
lyzer) demonstrating the use of a phase Zernike filter
for analysis of the wavefront with complex amplitude
E(r, @) . Analogous to the wavefront Shack-Hartmann
sensor [3], the Zernike filter (ZF) is placed immediately
in the plane of the wavefront under study. A spherical
lens L of focal length f'is place beside it. In the rear fo-
cal plane of the lens L we place an array of photore-
ceiver PA coupled to the computer PC. The transmission
function of the ZF should be the phase one

o(r, ) = exp[iS(r, @)] (11)
and is sought-for in the form
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where (.., @.) are the vectors of carrier spatial fre-
quencies in polar coordinates and v, are the task’s free
parameters that should be fitted in such a manner that
Eq. (12) be the correct equality.
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Fig.1 An opftical configuration of a Zernike analyzer:
ZF is a Zernike filter, L is a spherical lens, PA is an
array of photosensors, and PC is a computer.

PA

Provided the effective spatial separation in the
Fourier plane of separate basis diffraction orders, we
can consider the functions
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as being nearly orthogonal and compute the parameters
in Eq. (12) by
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The proposed iterative algorithm for the computa-
tion of the filter phase function S(% 6) is based on the
consecutive computation of the sums (12) and the inte-
grals (13) using the FFT algorithm, with some con-
straints imposed. The estimate of the ZF phase function
in the (k+1)-th step has the form:
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where V;Q is the estimate of free parameters in the k -

th iteration, with the parameters being deduced using
Eq. (13) from the preceding phase estimate S, (r,¢).
For the convergence of similar iterative algorithms the
reader is referred to [7].

The Zernike filter of Eq. (12) produces the spatial
separation of certain coefficients C,, from the expan-
sion of the field E(z, @) in Eq. (4). If such a filter 7(x,y) is
placed near a spherical lens and is illuminated by a light
wave of amplitude E(x,y), the light intensity at the focal
plane points u=¢,, and v=p,, will be approxi-
mately proportional to the squared modulus of the ex-
pansion coefficients C,,,,:
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where (O . Bum) are the vectors of spatial carrier fre-
quencies in Cartesian coordinates. The more effectively
is performed the spatial separation of basis beams
propagating at different angles, the more accurate will
be the approximate equality (15).

4. An algorithm of the light field phase
retrieval

After the light intensity proportional to the
squared modules of coefficients of the expansion (4)

[ﬂfﬂ = ‘Cﬂiﬂ ‘2 (16)

has been measured at discrete points of the Fourier-
plane (Fig.1), we will have to do additional calculations
to find the light field phase

O(r,p) =arg E(r, ) . amn

For this purpose, we may use an iterative algo-
rithm similar to the algorithm of Eqgs.(13) and (14). In
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this case, the estimate of the light field phase in the
(k+1)-th iteration will be given by
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where O k (7, (1 ) is the desired phase estimation the k

-th iteration.

5. Peculiarities of analysing aberrations
using a Zernike filter

Since wavefront aberrations met with in optical
systems are described by even functions in an azimuth
angle ¢ [8] , we can represent the wave field £(; @) in
the form

N n
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n=0m=—n

Because of this, instead of the general expansion
of Eq.(4) we may use an expansion in even functions
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With small aberrations, the relation between the
decomposition coefficients B,,, and C,,, is linear:
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With arbitrary aberrations, the relation between
B, and C,, is nonlinear and after measuring the mod-

ules ‘C

and (19) in order that we may the phase Q% ¢) in Eq.
(17). After this, we can find the coefficients of wave ab-
errations B,,, using Eq. (20).

2
we need to use the algorithm of Egs. (18)
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Note that because Rg (r)=1 the Zernike polyno-
mial basis contains a unit as a term, which means that if
we illuminate a Zernike filter by a plane wave of ampli-
tude E(r,¢)=1, we find that in the frequency plane only
one coefficient of the expansion (4) will be non-zero:

|C00|2 #0.

From Eq. (9) it also follows that diffraction orders
corresponding to the basis functions with different
numbers m , but with the same numbers »n , will have
similar diffraction patterns (of like-ring structure at n >
0) in the Fourier-plane:
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6. Numerical examples

W ()| =15 (24)

The simulation parameters are: 256 pixels on ra-
dius r and 256 pixels on angle 0, 7,=1 mm, k = 10" mm
! f=100 mm. We designed a 25-channel Zernike filter
forming the basis diffraction orders (n,m) at m<8 and n
< 8 that propagate at some angles to the optical axis.
Shown in Fig. 2 are: (a) a half-tonic phase of the
Zernike filter (black colour - phase 0 and white colour -
phase 27), (b) 25 diffraction orders generated in the lens
frequency plane (negative), (c) the configuration of the
numbers (n,m) distribution between orders. The filter
was assumed to be illuminated by a plane wave. In this
case, the analyzer splits the incident plane beam into 25
beams having nearly equivalent energies. All diffraction
orders account for over 80% of the entire illuminating
beam energy. From Fig.2b it is seen that the zero inten-
sity is found in the central points of all orders in the
Fourier-plane, expect for the zero order (0,0). This
means that the illuminated wavefront has not aberra-
tions.

Figure 3 shows the result of operation of the same
25-channel Zernike filter illuminated by a beam consist-
ing of three terms with the same weight and the num-
bers (n,m): (2,0)+(5,3)+(7,7). In Fig.3 are shown: (a)
the illuminating beam intensity, (b) the filter phase, (c)
the diffraction pattern in the Fourier-plane. Checking
the table of order numbers (Fig.2c) from Fig.3c it is
seen that the intensity is non-zero (black points in
Fig.3c) at the central points of the diffraction orders
with numbers (2,0), (5,3), and (7,7). The Table gives
relative intensity values in the vicinity of central points
for all orders (the size of the vicinity is 3x3 pixels). As
can be seen from the Table, if weight coefficients of the
terms entering into the illuminating beam amplitude are
equal to each other at the Zernike analyzer (Fig.1) input,
they have different values at the output:

Cao” = 0.82)Css|” =1JC5|” = 0.68.

In addition, the coefficients are also non-zero in
the other measurement channels. Note that the greatest
values among the coefficients, which were, absent at the
input but are present at the output of the Zernike ana-
lyzer (Fig.1) are as follows:

|Coal” =022 Cye|” = 0.21,|Co” =

=0.22|C,,[* =0.16C;5|* = 0.15
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Fig.2 (a) Half-tonic phase of a 25-channel Zernike fil-
ter, (b) diffraction pattern in the frequency Fourier
plane under illumination by a plane wave, and (c) a
table of correspondence between diffraction orders
and the numbers of Zernike polynomials.

Table .

Relative intensity in the vicinities of central points for
basis diffraction orders in the Fourier plane when the
Zernike filter (Fig.3b) is illuminated by a superposi-
tion of three beams: (2,0)+(5,3)+(7,7)

(7.1) (6,6) (64) (6,2) (6,0)
0.02 0.21 0.22 0.01 0.00
(7.3) G3.1) (2.2) (2,0) (5.5)
0.15 0.02 0.03 0.82 0.04
(7.5) (3.3) (0,0) (1,1) (5.3)
0.03 0.09 0.22 0.05 1.00
(7.7) (4,0) (4.2) (4.4) (5.1
0.68 0.10 0.16 0.00 0.02
(8,0) (8,2) (8:4) (8,6) (8.8)
0.02 0.00 0.04 0.05 0.12
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Fig.3 (a) The input light field amplitude distribution
for a Zernike analyzer consisting of three terms num-
bered (2,0)+(5,3)+(7,7), (b) the phase of a 25-channel
Zernike filter corresponds to that shown in Fig.2a, (c)
the diffraction pattern in the frequency Fourier plane

at the analyzer output.

Thus, we can see that at the Zernike analyzer output
the squared modules of coefficients are measured with a
relative error of about 20%. We can reduce this error in
two ways: via the improvement of calculating the Zernike
filter’s phase ( note that numerically simulated squared
modules of the functions (24) in the Fourier plane, see
Fig.2b, are different from the reference (24) by 20% on
the average) and via the reduction of the vicinity magni-
tude (3x3 pixels) in the diffraction order centres in which
the coefficient modules are measured.

7. Conclusions

In this paper we have obtained the following results:

e an iterative algorithm for the calculating phase
functions of Zernike filters has been developed. The ZF
are intended for the analysis of wavefront aberrations and
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are diffractive optical elements that produce in the fre-
quency plane the spatial separation of different circular
Zernike polynomials contained in an incident light field;

e an iterative algorithm has been produced and is
able to reconstruct the light field phase from measure-
ments of a small number of intensity pixels at the
Zernike analyzer output, with the pixels being propor-
tional to the squared module of coefficients in the ex-
pansion of a given field amplitude in terms of circular
Zernike polynomials;

e operation of a 25-channel Zernike filter has been
numerical simulated.
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